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TWO-LEVEL BALANCE MODEL OF PRODUCTS DISTRIBUTION
BASED ON MARKOYV CHAINS

Abstract. On the basis of one of approaching for models of exchange the two-level balance
model of products distribution is created at the use of mathematical theory of probabilistic
processes. The participants of nearby overhead and lower channels of commodities distribution in
the chains of deliveries can be situated on these levels: producers-consumers, mediators of
distribution. A model on the basis of Markov chains allows to determine self-congruent equilibrium
relative distributions of finances and commodities monetary at every level accordingly. The
relations of amount of the got commodities at bottom level will be saved if volume of deliveries
changes at top level proportionally to the equilibrium distribution. In this case every recipient of
bottom level knows the part from the distributed products, that assists more effective organization
of trade process. The offered methodology is interesting for creation of multilevel channels models
of commodities distribution.
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JIBOPIBHEBA BAJIAHCOBA MO/IEJIb PO3HOALIY MPOIYKIIIT
HA OCHOBI JIAHIIIOT'IB MAPKOBA
AHoTauisgs. Ha ocHOBI onHOro 3 migXoAiB [0 Mojeieid oOMiHy IpH BHKOPHCTaHHI
MaTeMaTH4YHOI Teopii BHIAIKOBUX MPOLECIB CTBOPEHa ABOpPiIBHEBA 0AaJaHCOBAa MOJETH PO3IOALTY
npoaykmii. Ha mux piBHSAX MOXYTh PO3TAalIOBYBAaTHCS YYAaCHHKH CYCITHIX IO BEPTHKaJl KaHAJIB
po3moily TOBapiB B JIAHIIOrax IOCTa4YaHb: BHPOOHUKHU-CIIOKUBAUi, MOCEPEIHUKU PO3IOJILTY.
Mogens Ha OCHOBI JIaHIIOTiB MapKoBa J103BOJIsiE BU3HAYATH CAMOY3TO/KeHI PIBHOBAXHI BIIHOCHI
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po3noainu (iHaHCIB i TOBAapiB B TPOIIIOBOMY BHpaXEHHI HA KOKHOMY piBHI BiamoBigHo. [Ipu 3minHi
00'eMy TIOCTaBOK MPOMOPIIIHO PIBHOBAKHOMY pO3IONITY Ha BEPXHBOMY pIBHI BiJHOIICHHS
KUTBKOCTI OTPUMaHHUX TOBAapiB Ha HIKHBOMY DiBHI 30epiraTumyThcsi. B 11bOMy BUNAIKy KOXKEH
OJlep)KyBau HIDKHBOTO PIBHSI 3HA€ CBOIO JIOJIO BiJ MPOAYKII, SIKa PO3MOIUIAETHCS, IO CIIPUSE
e(eKTUBHIIIINA OpraHi3amii TOPrOBEIBHOTO MpoIecy. BHKOpHCTOBYBaHA METOAMKA IPENCTABIISIE
iHTepec sl CTBOPEHHS 6araTopiBHEBHX MOJIeICH KaHATIB PO3IO/LTY TOBApiB.

KarouoBi ciioBa: monens 00MiHy, OanaHc, TaHIorn Mapkosa.
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JABYXYPOBHEBASI BAJTIAHCOBASI MO/JIEJIb PACIIPEJIEJIEHUSA TPOAYKIUHU
HA OCHOBE IEITEIl MAPKOBA

AnHoTaumus. Ha ocHOoBe 0OJHOTO M3 MOAXOJIOB K MOJENSM OOMEHa MpH HCHOJIb30BaHUU
MaTeMaTUYeCKOH TEOPHH CIy4ailHBIX IPOILIECCOB CO37aHa JIByXypOBHEBas OajaHCOBas MOJIEINb
pacmpeneieHus] nMpoaykKuud. Ha 3TUX ypoBHSIX MOTYT pacrojiaratbCsi y49aCTHHUKH COCEIHHX TI0
BEPTHKAJIM KAaHAJOB paclpeiesieHHsl TOBApOB B IEMSAX IMOCTABOK: MPOM3BOAUTEIN-TIOTPEOUTENH,
MOCpPEAHUKH pactipefeneHus. Monaenb Ha oOcHOBe Iieneid MapkoBa TMO3BOJISIET OINPENEisaTh
CaMOCOTJIACOBAaHHBIE PAaBHOBECHBIE OTHOCHUTENIbHBIE pachpesieneHns (UHAHCOB W TOBapoOB B
JICHE)KHOM BBIPQKEHUHM Ha KaKIOM YPOBHE COOTBETCTBEHHO. [Ipm m3mMeHeHMH oO0bEMa MOCTaBOK
MIPOTIOPIIMOHATHFHO PAaBHOBECHOMY pAaclpeelieHHI0 Ha BEPXHEM YPOBHE OTHOIIEHHS KOJIMYECTBA
MIOJIYYCHHBIX TOBAPOB HA HUKHEM YPOBHE OyAyT COXpaHAThCs. B 3TOM ciydae KaxK/blid MOJIy4areb
HIDKHETO YpPOBHS 3HAET CBOIO JIONIO OT pacmlpeiensieMod MPOAYKIHMH, YTO CIIOCOOCTBYyeT Ooiee
3¢ pexTUBHOM Opranu3amnmuu TOProBoro nporecca. Mcnonb3dyemasi METOAMKA TIPEICTABISAET HHTEPEC
JUTS CO3/IaHUSI MHOTOYPOBHEBBIX MOJIEJIEH KaHAIOB paclpeesIieHNs TOBapOB.

KuroueBsble ciioBa: Mosienb oOMeHa, Oananc, nenu Mapkosa.

®opmy: 7; puc.: 0; Tabm.: 2; 6ubmn.: 21.

Introduction. Activity of man is constantly related to the processes of exchange by different
values Trade became the result of development of exchange processes, that presently is the
important constituent of socio-economic development of countries, plays a considerable role their
integrations in an international association. The researches of Blyde, Faggioni, [1] can be
confirmation of it. Description of difficult dynamic processes supposes the use of mathematical
models. Quality of prediction depends on them. In this connection the models of exchange in an
economy present substantial interest for planning, and their development and creation of new
models are actual.

Basic questions in the models of exchange are determination of the state of equilibrium of
process and study of dynamics that results in him.

Analysis of the last researches and publications. One of approaches for the study of the
states of equilibrium in the economic systems that describe an exchange blessing between the
subjects of process, on the basis of the recurrent systems of equalizations, differential equalizations,
and also determination of own vectors of matrices was worked out and develops scientists of Valras
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[2], Arrow, Debreu [3,4], McKenzie [5], Sonnenschein [6], Makarov et al. [7], Makarov [8],
Brodsky [9], Andreev [10].

Other approach for the study of exchange processes was worked out on the basis of
mathematical theory of probabilistic processes-chains of Markov (look the monographs of Howard
[11], Kemeny, Snell [12], Zhluktenko et al. [13], Sokolov, Chistyakov [14], Kuznichenko et al.
[15]). Note that at first deficit-free and deficit-having models both without a management and with
an external management developed and used only for discrete processes. In deficit-having model
unlike deficit-free the processes of exchange («demand» and «supply») are investigated separately
and on leaving on the stationary mode their participants have a not zero balance from a transmission
and receipt of blessing.

This approach gives an opportunity not only to determine the equilibrium states of the
systems but also to study the dynamics of moving from the initial state to equilibrium one.

A further step was development of continuous deficit-free and deficit-having models both
without a management and with an external management [16-18]). In the built models of exchange
for continuous processes results continuous and discrete models coincide in moments of time,
multiple to the step of discrete model. It is necessary to mark the stochastic models for inflation,
investments and exchange rates which worked out by Wilkie [19]. There is of interest another
stochastic approach to the exchange models. Different aspects and applications of kinetic exchange
model from statistical physics to the economic and sociological processes are considered by
Goswami, Chakraboti [20].

Goal. The aim of this work is creation of two-level balance model of distribution of
products from producers to the consumers at determination of the consistent equilibrium states of
every level on the basis of stochastic approach-Markov chains.

Originality of the research. Balance method and created on it basis balance models, that is
included in the models of exchange, serve as the basic instrument of maintenance of proportions in
a national economy. Balance models are built as numerical matrices, therefore they are attributed to
the type of economics-mathematic matrix models. Complication of processes in a market economy
is required by maintenances in her equilibrium in a macroeconomic scale: the concerted balancing
of allocation of limit resources and requirements in them.

The most well-known and until now used balance model is a model of linear inter-branch
balance of Leontief [21]. To the balance models it is possible to take deficit-having models [15-18].
There are «salespeople» and «customers» the same in these models, and the processes of sales and
purchases divide. The found steady-states of these processes for every participant are given by
possibility to define trade balance — equilibrium distribution of money and commodity streams.

Both the processes of sales and purchases and «salespeople» and «customers» (their amount
can be anything) are divided in this article. A model on the basis of Markov chains allows to
determine the concerted equilibrium distributions of finances and commodities at every level
accordingly. Under co-ordination we will understand maintenance of proportional distribution of
exchange products at every level at the change of their volume.

Research results. The direct chain of deliveries (simple channel of distribution of

commodities): «salespeople (producers)»-»customers (consumers)» is considered. Let there is Pj0

(j=1,m,) an amount of «salespeople» at zero overhead level, and on the first — P' (i =1,m,)

amount of «customers». Every «salesman» distributes a commodity between «customers»
according to agreements that take into account possibility of change of volumes of delivery at
maintenance of the proportion between them. «Customers» pay commodities, carrying out a money
stream to the «salespeople». The matrices of pair comparisons of volumes of commodities monetary
for «customersy in relation to every «salesman» are presented in a table. 1.
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Matrices of pair comparisons for the participants of 1 level in relation
to every partici

ant of 0 level

Table

0 1 1 1 1 0 1
P R P) P, P, Sum | V(P],P")
1 1 *
P Xy X1 X XL X1 .
Xaj X3 Komj X;
1 1 *
P, Xy Xoj Xy Yoy T | Xy, .
Xy X35 Ko j X;
1 1 *
Py X3 X3 X3 X3 0| X, .
Xy Xj Xomj X;
1 1 *
m xml] xmlj xmlj xmlf tj xmlj 0
xlj x2j x3j Xj
11 1 Sum X0*t |
= —t—t— .t — U
Xy X Ny Ko, j
0 _
X=X, x5, +..X,,

In the table 1 x; — amount of money, that the i «customer» passes to the j «salesman» or

vice versa (j «salesman» passes to the i «customer» commodities monetary), V(Pjo, P is

eigenvector of matrices P].O. For all tables (matrices) of exchange distribution between participants

0 and 1 levels the next equalities are executed:

m

_ 0
2 =X
i=1 =l

My

My L1
_ 1 0 _ 1 _
x,=X.YX0=Xx!=D
Jj=1 i=1

(1

The matrices of pair comparisons of the got money between «salespeople» in relation to
every «customery are presented in a table 2.

Table 2.
Matrices of pair comparisons for participants of 0 level in relation
to every participant of 1 level
Rl P]O f)ZO R.)O P”?U Sum V(Pll , PO)
0 *
A 1 Xil Xil Xil Xy T xi/l
Xi2 Xi3 KXimg X,
P! X 1 X *t b
2 i2 2 X2 Xio 7 i/
Xit Xi3 Ximy X;
P! X X 1 X X, *t X
3 i3 i3 i3 i3 i i3 |
Xy Xia Ximg X,
0 %
PmU ximo xim0 xir% 1 ximU ti xin/
1
Xt Xis Xi3 X;
11 1 1 Sum X'*e o
L, =—+—+—+. o — it
X X X3 Xim,
I
X, =x,+x,+x; ot X,
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Here V(P',P’) — eigenvector of matrices P'. On the found -eigenvectors
v(P',P') (j=Lmy) and V(P',P’) (i=1m,) matrices V(P°,P') and V(P',P’) are
constructed:

VT (1—_,20 ,Pl )
V(P PY=| V(P ,P") ()
VT (Pn(z)o 7P1)
VT (Rl ,PO)
Vi(p,P%)
V(P',P")=|V'(P/,P°) (3)
VI(P, P
The stochastic matrix C(P") of size m, *m, is determined on a formula:
C(P*)=V(P",PHY*V(P',P°) 4)
The stochastic matrix C (Pl) of size m, *m, is determined on a formula:
C(P")=V(P',P)*V(P°,P") (%)

The vector of global priorities W(PO) is found from the system of equalizations:

W(P")=W(P")*C(P")

iwj(Po)zl 6)
W(P)=(w(PY), wy(P'), wy(P), .. ,w, (P"))

The vector of global priorities W(P'") is found from the system of equalizations:

W(P")=W(P")*C(P")

ij(Pl)zl (7)
WP =(w (P, wy(P), wy(P), .. w, (P))

Vectors of global priorities W(PO) , W(Pl) determine the equilibrium distribution of
products system monetary in a two-level balance model. If a force change of relations of vectors
components W(PO) , W(Pl) takes place, the used method of Markov chains allows to define the
amount of steps for arrival of the system in the equilibrium state. In this case changed vectors play
role of initial vectors of the systems states and the matrices C(P°), C(P') are in a role of

transitional matrices in the chains of Markov. At the certain number of steps 7 the system will get
around a steady-state with large exactness.

Conclusion. The two-level balance model of distribution of products monetary, that
determines the equilibrium states of every level in the process of exchange, on the basis of
stochastic approach is worked out in this work. Both producers and consumers and participants of
middle channels of distribution of commodities in the chains of deliveries can be on these levels.
Not only the processes of sales and purchases but also their participants divide unlike the deficit-
having models of exchange, here their amount can be anything. A model on the basis of Markov
chains allows to determine equilibrium relative distributions of finances and commodities monetary
at every level accordingly. Thus the found proportions of distribution at bottom level will be saved
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at the change of volume of deliveries to the equilibrium distribution at top level. It facilitates
planning and prognostication of supplying with products substantially. Note that stationary
distributions can be found not only at the decision of the systems of equalizations (6) and (7), and at
successive erection of matrices (4) and (5) in a degree. The index of degree of matrices depends on
exactness of approaching of matrix rows to equilibrium distribution. Further researches suppose
development of model on the multilevel systems of channels of commodities distribution.
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